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ABSTRACT Nonequilibrium molecular dynamics (NEMD) computer simulations are used to calculated the bulk modulus for
a dimyristoylphosphatidylcholine bilayer. A methodology is developed whereby NEMD can be effectively used to calculate
material properties for complex systems that undergo long time-scale conformational changes. It is found that the bulk
modulus upon expansion from a zero stress state agrees well with experimental estimates. However, it is also found that the
modulus upon contraction from a zero stress state is larger. From a molecular perspective, it is possible to explain this
phenomena by examining the molecular origins of the pressure response. The finding that the two moduli are not equal upon
compression and expansion is in apparent contradiction to osmotic stress experiments where the area modulus was found
to be the same upon expansion and contraction. This issue is addressed.
INTRODUCTION
The dynamics and structure of biological membranes can be
described on time scales ranging from the microscopic
(picoseconds to nanoseconds), to the macroscale (millisec-
onds and micrometers) (Pastor and Feller, 1996; Feller and
Pastor, 1997; Tieleman et al., 1997; Forrest and Sansom,
2000). At the microscopic level, the individual motions of
lipid and nonlipid molecules are resolved, resulting in dif-
fusion within the bilayer (Essmann and Berkowitz, 1999)
and conformational changes in individual lipid structures.
The latter gives rise to microscopic fluctuations in mechan-
ical thermodynamic properties such as the instantaneous
area per head group (Smondyrev and Berkowitz, 1999a).
The time scales for these motions can be on the order of
nanoseconds (Pastor and Feller, 1996). For example, the
frequency for trans-gauche isomerization occurs with fre-
quencies of 10–20 ns1 (Venable et al., 1993; Pastor and
Feller, 1996). Rotations (wobbling) also occur on time
scales of nanoseconds (Pastor and Feller, 1996), while ex-
amining lipid translations over “long” times is still not
computationally feasible. Current state-of-the-art simula-
tions are now at the point where even membrane “rafts”
(Simons and Ikonen, 1997; Prallea et al., 2000) can be
modeled and examined on time scales on the order of
nanoseconds. However, these time and length scales are still
orders of magnitude below a macroscale description of the
system.
Currently, to model a membrane at macroscopic spatial
and temporal scales can be accomplished via continuum
level models (York et al., 1999; Olbrich et al., 2000) where
all molecular detail has been removed and the membrane is
represented as a smooth continuum. Standard finite-element
or finite-difference methods can be used to model mem-
branes numerically (Koivurova and Pramila, 1997), but they
are limited to dealing with small deformations.
To solve the continuum level equations of motion, a
constitutive relation is required that relates (in the case of an
elastic material) stress to strain. The coefficients of the
constitutive relation (the bulk modulus, for example) deter-
mine the nature and degree of the material’s response to
strain. However, the actual value of the particular constitu-
tive coefficient is, in principle, an average over microscopic
motions.
Experimentally, the material properties of bilayers (e.g.,
elasticity, bending modulus) have been calculated using, for
example, micropipette pressurization of giant bilayer vesi-
cles (Kwok and Evans, 1981; Schneider et al., 1984; Evans
and Needham, 1987; Mui et al., 1993; Olbrich et al., 2000;
Rawicz et al., 2000) and with nuclear magnetic resonance
and x-ray diffraction (Koenig et al., 1997). A theoretical
model for osmotic swelling and lysis was proposed by
Hallet et al. (1993), where the membrane was modeled as a
thin spherical shell, and the stress was related to changes in
the surface area of the membrane.
Our particular interest in membrane material properties,
such as the bulk modulus, involves a strategy to overcome
the present computer simulation gridlock that is the case in
large bioassembly modeling. To reach the macroscale is
currently impractical with atomistic simulations (which are
limited to the submicrosecond and submicron time and
length scale). In two previous papers (Ayton et al., 2001a,b),
we presented a new method for bridging time and length
scales in membrane systems that involves direct interfacing
of continuum and microscopic simulations via a coupled
calculation of the membrane’s constitutive coefficients. Es-
sentially, macroscopically required constitutive coefficients
for a particular membrane are calculated with a microscop-
ic-level simulation. In turn, continuum-level densities are
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used as initial states for new microscopic-level membrane
simulations. The result is a computer simulation technique
that has the capability of jumping time and length scales,
and effectively passes information across spatial and tem-
poral scales. However, for computational efficiency pur-
poses, highly simplified membrane models were used in the
preliminary studies. To fully realize the possibility of mi-
cro-to-macro bridging in bilayer simulations, it is necessary
to demonstrate that the required constitutive coefficients, in
particular the bulk modulus , can be accurately calculated
with current atomistic-level simulation. This is the topic of
the present paper.
To date, the bulk modulus for dipalmitoylphosphadidyl-
choline (DPPC) has been calculated using volume fluctua-
tions at equilibrium (Shinoda et al., 1997) using a small
system of 32 lipids and 434 water molecules. There have
also been efforts to calculate the area expansion modulus
KA for membranes using computer simulation (Feller et al.,
1995; Zhang et al., 1995; Feller and Pastor, 1996, 1999)
using a much larger system (72 lipids and 1376 waters). The
area compressibility modulus (Feller and Pastor, 1999) is
defined as
KA  /T, (1)
where  is the surface tension,  is the strain, and T is the
temperature. A constant surface-tension equilibrium ensem-
ble was used. In these studies, examinations of the effects of
surface tension on membrane structure led to a determina-
tion of KA for a DPPC lipid bilayer by examining the
changes in area ratio, A/A, resulting from gradually in-
creasing the surface tension, and are in good agreement with
experiment. It was found that, using the fluctuations in
membrane area as a means of calculating KA, overestimated
the experimental value by a factor of four. Interestingly, this
effect was not observed in Shinoda et al. (1997), and may be
linked with the unusually small system size.
However, in the context of linking microscopic and mac-
roscale representations of a lipid bilayer, we are interested
in calculating the bulk modulus , rather than the area
compressibility modulus KA, because it is  that appears in
the continuum-level stress–strain constitutive relation. In
this paper, we present a methodology whereby the bulk
modulus for a bilayer can be calculated from a microscopic-
level molecular dynamics simulation. The specific applica-
tion is to dimyristoylphosthatidylcholine (DMPC). The ba-
sis of our technique relies on nonequilibrium molecular
dynamics (NEMD) (Hoover, 1985; Evans and Holian, 1985;
Evans and Morriss, 1990), in particular, a method known as
cyclic compression (Hoover et al., 1980b). With cyclic
compression NEMD, the bilayer is subjected to artificially
induced area changes of a specified form. The bulk modulus
is found from monitoring the stress (or pressure) response of
the system due to the imposed strain.
This paper will be divided into a number of sections. In
the next section, the details of the DMPC bilayer simulation
will be discussed. The following section will involve a
continuum-level discussion of the relevant constitutive re-
lation for a membrane, and then the relationship of this
formalism to the microscopic description will be presented
in the section following. The results for the bulk modulus
calculation for a DMPC membrane will be presented in the
next to last section, and conclusions are then given in the
final section.
METHODS
The molecular dynamics simulations were performed using the DL_POLY
simulation package version 2.12 developed in Daresbury Laboratory, En-
gland (Smith and Forester, 1999). The DMPC bilayer was composed of 64
lipid molecules hydrated by 1312 water molecules, which corresponds to
20.5 waters per lipid molecule. DMPC molecules were modeled using a
united atom force field (Smondyrev and Berkowitz, 1999b). The water
model used in our simulation was TIP3P (Jorgensen et al., 1983). All bond
lengths were constrained using the SHAKE algorithm with a tolerance of
104, allowing the use of an integration time step of 0.002 ps. Electrostatic
interactions were calculated via the particle mesh Ewald (Essmann et al.,
1995; Sagui and Darden, 1999) method using a tolerance of 104. The real
space part of the Ewald sum and van der Waals interactions were cut off
at 10 Å. The temperature of the system was kept constant at T  308 K
using the Nose thermostat with a relaxation time of 0.2 ps. Initial structures
of a DMPC bilayer in water (Smondyrev and Berkowitz, 1999a) were
equilibrated for several nanoseconds.
A CONSTITUTIVE RELATION FOR A
DMPC MEMBRANE
In this section, the constitutive relation applicable to a bilayer is presented.
At the continuum level, the membrane contains no explicit molecular
structure, and instead, its material properties are contained within the
constitutive relations. The constitutive relations relate membrane deforma-
tions to external stresses via area dilation (area changes), surface shear, and
bending. In this membrane model, the membrane thickness and changes in
thickness are assumed to be negligible. The elastic (conservative) and
viscous-liquid (nonconservative) constitutive relations appropriate for thin
materials such as bilayers has been discussed previously (Evans and
Needham, 1987; Hallet et al., 1993; Needham and Nunn, 1990). Here we
will only present the relevant results.
For a homogeneous membrane in the xy plane with thickness in the z
direction, Lz, small compared to the other directions Lx and Ly (i.e., Lz/A
 0 where A  LxLy), the constitutive relation for stress and strain is
expressed as
  2, (2)
where the stress, , is the average of the plane stress in the x and y
directions,   (x 	 y)/2, and likewise, the strain is   x  y. Lipid
bilayers in the liquid crystal phase exhibit nonzero diffusion within the
plane of the membrane, and are thus defined by a state of zero shear
modulus. The bulk modulus is given by  and relates uniform area changes
to stress.
In this formulation, the sign of the strain (i.e., whether  
 0, corre-
sponding to an expansion, or   0 and the system is contracted) is not
specified. In principle, an expansion modulus exp can be defined for
strains with  
 0, and likewise a contraction modulus cont can be applied
to situations where   0. Depending on the material and the initial
conditions (for example, zero stress, or a state with positive surface
tension), these two moduli may or may not be equal. We note that, in
almost all experimental situations (Kwok and Evans, 1981; Schneider et
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al., 1984; Evans and Needham, 1987; Mui et al., 1993; Koenig et al., 1997;
Olbrich et al., 2000; Rawicz et al., 2000; Needham and Nunn, 1990), either
the expansion or contraction modulus is determined, and, thus, to compare
with experiments, it is necessary to separate the bulk modulus in this way.
In atomistic level molecular dynamics simulation, the thickness of the
membrane is modeled in detail. In bilayer computer simulations, periodic
boundary conditions in the x and y directions are used to model a macro-
scopic membrane. The z direction is also under periodic boundaries result-
ing in a periodic lamellar structure. However, if the solvent barrier between
periodic bilayers is sufficiently large, then the correlated motions of the
adjacent layers should be small, and the system will reasonably approxi-
mate a single bilayer. Regardless, the inclusion of periodic boundaries in
the x and y directions ensures that a membrane constitutive model as
proposed in Eq. 2 is valid.
The finite thickness of the membrane at the microscopic level requires
that the response of the membrane in the normal direction to dilations
within the plane of the membrane is specified. For example, under dilations
in the xy plane, the thickness of membrane may slightly contract. The
optimal boundary condition is that the membrane thickness can freely
respond to area dilations, corresponding to a state of constant zero stress in
the z direction. The details of how various boundary conditions are imple-
mented at the microscopic level will be discussed in the next section.
NONEQUILIBRIUM MOLECULAR DYNAMICS
A large number of mechanical thermodynamic observables are easily
calculated by using equilibrium computer simulation techniques. For ex-
ample, the internal energy U, hydrostatic pressure P, and diffusion coef-
ficient D are all most readily evaluated at equilibrium. However, many
quantities are more efficiently calculated by computer simulation when the
system is out of equilibrium. For example, NEMD has been used success-
fully to calculate the viscosity of ethanol (Wheeler et al., 1997). With
NEMD, an external field, force, or flux is imposed on an equilibrium
system by directly altering the equations of motion (Evans and Holian,
1985; Hoover, 1985; Evans and Morriss, 1990). In fact, the present algo-
rithms used to maintain constant temperature and pressure (Hoover et al.,
1980a; Hoover, 1985; Allen and Tildesley, 1987; Evans and Morriss,
1990), as well as more membrane-specific algorithms used to maintain
constant surface area (Feller and Pastor, 1996, 1999), use the same ex-
tended dynamics as NEMD. However, there are a number of subtle aspects
concerning the statistical mechanics associated with NEMD. In essence,
any viscous heat generated must be removed, and the mechanism by which
heat is removed results in changes to the multidimensional phase space in
which the system is represented as a single multidimensional point. Be-
cause we are interested in the zero strain-rate limit only, these aspects of
the statistical mechanics of NEMD will be not be discussed. A complete
description is given in detail elsewhere (Evans and Morriss, 1990; Mundy
et al., 2000).
For the purpose of calculating material properties, NEMD is an efficient
and elegant method where the quantities of interest are evaluated in the
limit that the nonequilibrium perturbation goes to zero. The advantage of
this approach over equilibrium techniques for the calculation of material
properties (e.g., Green–Kubo time-correlation functions) is that NEMD
does not usually require either long or large simulations. In particular, to
calculate the bulk modulus, a form of NEMD known as cyclic compression
will be used, and is presented in the next subsections.
Cyclic compression NEMD
Cyclic compression NEMD has been used to calculate the bulk viscosity of
fluids, and has proven successful compared to traditional methods (e.g.,
Chapman–Enskog (Hoover et al., 1980a,b)). This method can be applied to
both elastic and viscous materials, and has the advantage that it does not
assume the form of the stress response. The idea is to introduce an artificial
strain-rate in the form of a deterministic oscillating area change and then
correspondingly monitor the resultant stress response (or time derivative of
the stress response). The stress response is found by imposing Newton’s
First Law where a stress component is defined to be the negative of the
pressure tensor component, P. The modulus is then calculated in the
limit that the imposed strain-rate approaches zero.
With cyclic compression NEMD a strain rate is imposed as specified by
either a sine or cosine form for the area oscillation. In the case of a
sinusoidal oscillation, the strain rate is given by
˙  	 sin	t, (3)
where  is the dimensionless amplitude of the oscillation, 	  2
/, and
 is the corresponding wavelength. A strain rate with a cosine formulation
is similarly written; however, the resultant oscillations in area (A  LxLy)
are different. With a strain rate given by Eq. 3, the area oscillations will not
be symmetric about the initial area A. Rather, for 
 0, the oscillations will
be biased to only areas greater than the initial area and will have a (1 
cos(	t)) form. Likewise, negative amplitudes (  0) will result in com-
pressions less than or equal to the initial area. This particular strain-rate
formulation is useful in simulations where the expansion or contraction
modulus (exp or cont, respectively) are to be calculated.
A strain rate with a cosine form, ˙  	 cos(	t) will result in area
oscillations that are symmetric about the initial area, and is the form that
was used earlier (Ayton et al., 2001b). For this work, we will use this
formulation only for an initial examination of the behavior of the stress
response (that is, to determine whether the system can be modeled by an
elastic constitutive relation). To compare with experimental estimates of
the expansion and contraction modulus for DMPC, the sinusoid formula-
tion of cyclic compression NEMD is then implemented directly into the
equations of motion in a spirit similar to traditional NPT algorithms. Also,
in conjunction with the artificial cyclic-compression strain rate, a constant
stress state of zero in the z direction (the normal of the membrane) is
imposed. The state of zero stress implies that the membrane is free to
contract or expand under the cyclic compression area dilations and con-
tractions. As the membrane is expanded in the xy plane, it is allowed to
freely contract in the z-direction. Likewise, under compression in the xy
plane, the membrane can freely expand in the normal direction.
This formulation of cyclic compression NEMD is implemented directly
into the equations of motion of both the particles, and the periodic cell
vectors. For the simulations of membranes, the equations of motion of each
atom are supplemented with terms that generate the cyclic compression in
the xy direction, maintain zero stress in the z direction, and also maintain
constant kinetic temperature by allowing heat exchange with the heat bath.
For a membrane system composed of both membrane and solvent such
that, in total, there are N atoms each of mass mi with positions r  r1, r2,
r3, . . . , rN and conjugate momenta p  p1, p2, p3, . . . , pN in a volume
V  LxLyLz, the equations of motion required to implement cyclic com-
pression NEMD are
r˙i 
pi
mi
 ˙rxiiˆ ryijˆ ˙ rzikˆ , (4)
p˙i  Fi  ˙pxiiˆ pyijˆ ˙ pzikˆ  pi, (5)
L˙ xt Lxt˙, L˙ yt Lyt˙, L˙ zt Lzt˙ , (6)
¨ 
1
Qp Pzzt. (7)
Here, the force on particle i is Fi  U, where U is the potential of the
system. The equation of motion for ˙ , as given by Eq. 7, ensures that the
stress in the z direction is given by z  0. The value of Qp must be chosen
such that the system responds to changes in stress at a faster rate than as
given by ˙.
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The term pi is a thermostatting term where the equation of motion
for , the thermostat multiplier, is given by Nose–Hoover feedback (Evans
and Morriss, 1990),
˙ 
1
Q
Tkt T, (8)
where Q is an arbitrary constant, T is the input thermodynamic tempera-
ture, and Tk(t) is the instantaneous kinetic temperature given by
Tkt
1
dN 
i
N
pi
2t/mi, (9)
and d is the number of degrees of freedom. It should be noted that, without
the strain-rate NEMD terms in the equations of motion, these dynamics are
equivalent to the NPNAT constant normal stress ensemble at equilibrium
(Zhang et al., 1995; Feller and Pastor, 1999). The above equations of
motion result in a dilation of the system volume given by
Vt V0e2(t)	(t), (10)
which, as  3 0, becomes
Vt V01 21 cos	t t. (11)
As previously mentioned, cyclic compression NEMD does not assume
the form of the constitutive relation. The system is subjected to an artifi-
cially imposed strain rate (area oscillation), and, essentially, the corre-
sponding stress response can be of any form: elastic, viscous, viscoelastic,
or something altogether different. In the previous section, an elastic con-
stitutive model for a membrane was proposed. For this model to be valid,
under NEMD cyclic compression, a sinusoidal strain rate should result in
a stress response with a cosine form. Likewise, a strain rate described by
a cosine will result in a sinusoidal stress response.
A viscous response (as would be the case in a Newtonian fluid) will
have a stress response with the same form as the imposed strain rate. In
fact, it is this “phase lag” that is responsible for viscous heating (Evans and
Morriss, 1990). The experimental consensus is that biological membranes
exhibit an elastic bulk response (Evans and Needham, 1987), with a
constitutive model as given by Eq. 2, and, as will be further shown in the
results, we find that this behavior is also observed in simulation. With the
elastic constitutive model confirmed, there are multiple methods in which
to extract either exp or cont.
In either case (exp or cont) the bulk elastic modulus  is defined as the
derivative of stress versus strain evaluated at   0, and can be written as
 
1
2
t
t

0
, (12)
where the time dependence of  and  is explicitly shown. With NEMD
cyclic compression the time dependence of  occurs through the imposed
strain-rate ˙, and in the case of a sinusoidal strain rate, the stress will
oscillate from   0 to   2 at a rate of ˙. The factor of two arises in the
sinusoidal formulation from the asymmetric oscillation about the initial
area. Furthermore, if the material exhibits a linear elastic response about
the initial stress (in this case   0), then  is simply found from the slope
of  versus  about  0. Because the strain is time dependent under cyclic
compression, a continuous spectrum of stress versus strain ranging from
  0 to   2 is found, and it can be shown that a least-squares fit of the
stress response from   0 to   2 is equivalent to averaging the slope
along all strains. In the linear region about   0, ()  0, and  
0/2. The coefficient, 0, can be found from a least squares minimization
from   0 to   2 by defining the residual R,
R 
0
2
  0
2 d, (13)
and by the minimization R/0  0. The linear coefficient of the stress is
given by
0
3
23 
0
2
 d. (14)
In this way, stress versus strain plots obtained from cyclic compression can
be used to calculate the bulk modulus. This particular method is different,
although complimentary to that used in our earlier work (Ayton et al.,
2001a,b), and it is more in the spirit of vesicle experiments (Evans and
Needham, 1987; Hallet et al., 1993). Using stress versus strain can only be
used for systems that exhibit an elastic response, and furthermore can only
be applied to systems that have a linear response about the initial strain.
Eq. 14 applies to only one compression cycle. To obtain a statistically
meaningful result, the slope must be evaluated for several NEMD trajec-
tories. In complex systems such as biological membranes, vastly different
conformations over large time scales can occur. To this end, a methodology
was adopted to reasonably sample the conformational space. An initial
NPT equilibrium trajectory for a DMPC membrane in water was performed
over 3 ns, where the box-lengths of the system were allowed to vary
independently such that the diagonal components of the pressure tensor
were each zero. It should be noted that the choice of the initial starting
ensemble is not limited to an NPT ensemble. Equilibrium initial configu-
rations could also be selected from constant surface-area ensembles (Feller
et al., 1995; Zhang et al., 1995; Feller and Pastor, 1996, 1999; Venable et
al., 2000), and indeed future studies will explore how the nonequilibrium
stress response depends on the initial choice of the equilibrium ensemble.
Presumably, with larger systems, the dependence on the choice of initial
ensemble will decrease.
Configurations at regular intervals from 1.0 to 3.0 ns were selected as
starting configurations for NEMD cyclic compressions. This is a standard
method for initializing NEMD trajectories where the initial ensemble is of
importance (Ayton and Evans, 1999). Six to ten configurations from this
equilibrium trajectory were then used.
By averaging over multiple initial configurations occurring over a
reasonably long simulation time (in this case the trajectories were selected
over a range of 2 ns), the conformational space of the system can be better
sampled. Ideally, the configurational sampling should occur over as long
an equilibrium trajectory as possible. Each starting configuration is then
used for a series of NEMD runs with varying strain rates, where the strain
rate is systematically decreased by reducing 	. The frequency of the cyclic
compression, 	, in the stress–strain form, can be thought of as the quantity
that determines the rate at which the system is expanded or contracted. By
averaging over multiple initial equilibrium configurations, the bulk mod-
ulus for the system is now given by

1
2



0
, (15)
where . . . means an average over multiple configurations selected from
an equilibrium trajectory.
For the NEMD simulations, the selection of amplitudes and frequencies
used for the modulus extrapolation must be done carefully. For this work,
we chose strains not greater than those expected to cause membrane lysis
(Needham and Nunn, 1990), and frequencies on the order of the presently
accepted times for reasonable conformational sampling (on the order of 1
ns). The combination of reasonably long cyclic compressions, along with
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the six different starting trajectories, will give a reasonable sampling of the
conformational space. The NEMD cyclic compression runs are not de-
signed to explore large conformational changes; this is accomplished by
selecting different starting configurations along the equilibrium NPT tra-
jectory. In a sense, the NEMD cyclic compression gives the modulus
representative of the starting configuration, with configurations “similar”
in a conformational sense. By averaging the modulus over various dispar-
ate equilibrium starting configurations, an average over different confor-
mational spaces can be found.
RESULTS
The results will be divided here into first a qualitative
description of the nature of the nonequilibrium stress re-
sponse for a DMPC bilayer and then a detailed examination
of the bulk modulus for a pure DMPC bilayer. The first
section will be used to demonstrate how NEMD cyclic
compression can be used to determine the exact nature of
the stress response, i.e., whether the response is purely
elastic, viscous, or something else. With the nature of the
response predetermined, and the appropriate constitutive
relation established, techniques as described in the Cyclic
Compression NEMD subsection will be used to calculate
both the expansion and contraction bulk modulus.
Cyclic compression at finite frequency
As stated earlier, cyclic compression does not assume the
form of the constitutive relation, and thus can be used to
determine whether a material responds to external strains
with an elastic, viscous, or viscoelastic response. To verify
whether a proposed constitutive model is applicable, the
stress response, without assuming an elastic or viscous
constitutive relation, must first be verified. In the finite
frequency regime, the response of the system is determined
by complex conformational changes of the lipids due to the
imposed strain rate. At very high strain-rate frequencies, the
system will be unable to respond to the strain, and a highly
elastic response is predicted. In the low-frequency limit, the
lipids are able to respond to the cyclic compressions.
In the finite frequency case, the stress response to an
imposed cosine strain rate is given in Fig. 1. The cosine,
rather than sine form, of the strain rate results in a symmet-
ric oscillation about the initial area, and this is used as a
preliminary probe to determine the qualitative nature of the
stress response. For this system, the frequency of the oscil-
lation is 0.0157 ps1, corresponding to a cyclic compression
wavelength of 0.4 ns. Qualitatively, the stress response is
sinusoidal, indicating an elastic response. However, closer
inspection shows that the curve is not symmetric about zero
stress. The stress response is much smaller in cases when
the membrane is expanded from its initial area. In the
situation where the system is under contraction, the stress
response is greater. In this formulation, where the cyclic
compression is symmetric about the initial area, the expan-
sion modulus is defined from the stress response from those
times where the system is expanding from zero stress (i.e.,
0–500 ps, and 700–900 ps), and likewise the contraction
modulus is determined from those regions where the system
is contracting from zero stress (500–700 ps, 900–1100 ps).
From this result, the origin of the asymmetric response is
not clear. Clearly, in the nonequilibrium regime, the system
exhibits a more intense stress response on compressions
than on expansions. Qualitatively, however, this effect can
be explained by considering the origin of the stress response
in terms of molecular interactions. Upon compression, the
repulsive cores of the individual atoms result in a steeply
rising pressure, whereas, on expansions, the longer-ranged
attractive interactions dominate. Also, the frequency of the
imposed strain rate will affect the intensity of the response:
for frequencies that are too great, the system, upon either
dilation or contraction, cannot adjust.
For systems such as biological membranes, a determina-
tion of the appropriate magnitude of strain rates is not
trivial. Too large of a strain rate will result in essentially an
artificially large elastic response, as the molecules cannot
explore the conformational space within the NEMD cyclic
compressions. Likewise, too small of a strain rate will result
in a poor signal-to-noise ratio. Because the magnitude of the
strain rate is given by the product of the dimensionless
amplitude  and frequency 	, the choice of the optimum
NEMD conditions can be further complicated. The choice
of  is bounded by (in terms of expansions) strains on the
order of those that result in lysis (Evans and Needham,
1987; Needham and Nunn, 1990; Hallet et al., 1993). The
boundaries for allowed frequencies are less clear, but a
conservative choice is that the allowed frequencies should
correspond to oscillation wavelengths at least on the order
of the time required to obtain reasonable estimates for
equilibrium properties. Of course, “reasonable,” at this time,
is bounded by computational tractability, and is on the order
of a nanosecond.
FIGURE 1 The stress response   107 Nm2 for 	  0.0157 ps1
plotted versus time t.
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Heat production and elastic response
For this membrane system, we have proposed an elastic
form for the constitutive relation as given by Eq. 2. How-
ever, the possibility of a viscous response component must
still be considered, and, if a significant viscous component
is found, then the constitutive relation as proposed in Eq. 2
must be modified. There are two methods that can deter-
mine whether a system exhibits a viscous component in the
response to the strain rate: (1) Direct calculation of the
stress response versus ˙ as described in the previous sub-
section. With cyclic compression, as previously described in
the Cyclic Compression NEMD subsection, the xy compo-
nents of the pressure tensor oscillate in cycle with ˙. A
viscous response could result in a small phase shift in the
stress response; if no phase shift is observed from the direct
response, then the viscous response (if any) is small. A more
robust test, however, is to examine the heat (or entropy)
production over the course of expansion or compression
cycles. A purely elastic response will result in no irrevers-
ible heat being produced, whereas a viscous response will.
This can be shown by using thermodynamic arguments as
follows.
The internal energy change for this system is given by
dUPdV	 dq, where dq is the heat added to the system.
This expression can also be written in terms of rates as
U
t
P
V
t

q
t
, (16)
and for a system of N atoms with equations of motion given
by Eqs. 4 and 5, the instantaneous rate of heat removal is
given by q/t  3dkBTk(t)(t), where (t) is the instan-
taneous value of the thermostat multiplier appearing in Eq.
5, and whose equation of motion is given by Eq. 8. Under
isothermal conditions U/t  0, thus,

0
tcycle
P
V
t
dt 
0
tcycle q
t
dt, (17)
where tcycle is the time of a compression cycle. Elastic
conditions imply that no viscous heat is produced. Thus, for
Eq. 17 to hold, (t)  0 over compression cycles, ex-
pressed as

0
tcycle q
t
dt
3dkBTt
tcycle
 0. (18)
Thus, an examination of the heat produced over compres-
sion cycles can give a direct determination whether the
system can be modeled with a purely elastic model. If (t)
 0, within simulation error, then a viscous component to
the response is indicated.
In all systems studied, whether using a sinusoid or cosine
form of cyclic compression, or whether undergoing expan-
sion or contraction, no heat was produced, further support-
ing the notion that the response of the membrane is elastic.
The only possible source of a heat-generating response
could arise from the water layers above and below the
membrane. However, as will be discussed in more detail
later, it will be shown that, under the zero-stress normal
boundary condition, and with low enough frequencies, the
water will readjust to the changing area without generating
viscous heat.
Expansion modulus for the DMPC membrane
In the giant bilayer vesicle experiments of Evans (Kwok and
Evans, 1981; Evans and Needham, 1987; Mui et al., 1993;
Olbrich et al., 2000; Rawicz et al., 2000), a lipid vesicle is
expanded from a zero lateral stress state, and the area
expansion modulus KA (Eq. 1) is calculated from essentially
a stress versus tension experiment. In the present cosine
formulation of cyclic compression NEMD used in the sub-
section Cyclic Compression at Finite Frequency, the im-
posed strain rate induces volume oscillations that are sym-
metric about the initial area. So that it is possible to directly
mirror experimental conditions where only the expansion
regime originating from the initial zero-stress state is con-
sidered, the sinusoidal form of cyclic compression as given
in the Cyclic Compression NEMD subsection and Eq. 3 will
be used.
To obtain a benchmark measurement of the bulk modulus
for a DMPC bilayer using NEMD, a detailed set of NEMD
calculations were performed as described in the Cyclic
Compression NEMD subsection. The first step in the mod-
ulus calculation is an examination of the stress–strain be-
havior at finite frequency. In Fig. 2 is shown the stress–
strain plot for a frequency of 	  0.0157 ps1 and
amplitude of   0.015, where this frequency corresponds
to an expansion cycle that occurs over the course of 0.2 ns.
FIGURE 2 Expansion stress versus strain for a frequency of 	 0.0157
ps1 and amplitude of   0.015.
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The resultant stress versus strain, as previously mentioned,
is an average over six separate starting configurations. Qual-
itatively, the stress increases linearly with strain, and a
linear least-squares fit to the data gives a slope of (24.4 
3)  107 Nm2. The nonequilibrium modulus can be cal-
culated from Eq. 15, giving a value of (12.2  2)  107
Nm2. A lower frequency system with 	  0.0105 ps1,
corresponding to an expansion over of 0.3 ns also gives a
linear stress versus strain relation, but with a smaller least-
squares slope of 19.2  3  107 Nm2 with a modulus of
9.6  3  107 Nm2.
An important point is as follows. With cyclic compres-
sion NEMD, the system is expanded or contracted in a
smooth analytic form, in contrast to the equilibrium method
used to calculate KA (Feller and Pastor, 1999). The smooth
expansion from an initial strain of zero to a maximum strain
of 2 implies that the rate of stress response along the entire
expansion cycle, rather than just the initial and final states,
is considered. In other words, with NEMD, one obtains a
complete spectrum from   0 to   2 via the strain rate
˙, rather than just the initial and final points. This essentially
gives information on the stress–strain behavior at all strains
less than 2, and, in the case of a linear stress–strain rela-
tionship, results in a complete stress–strain spectrum.
The nonequilibrium moduli found from a set of frequen-
cy-dependent stress versus strain NEMD runs can be col-
lated to find the zero-frequency estimate for the modulus.
The frequency dependence can be thought of as the rate that
the system goes from a state of zero strain to 2, thus, as
	3 0, the system is being expanded at a slower and slower
rate. At the lowest examined frequency, the system under-
goes expansion from   0 to   2 over the course of 1.0
ns. In Fig. 3 the extrapolated expansion modulus for the
DMPC membrane is shown. The size of the symbols are
roughly the size of the error bars obtained from the least-
squares slope of the corresponding averaged stress versus
strain plot. A linear least-squares fit to this data gives the
zero-frequency bulk expansion modulus as 5.4 107 Nm2
with an asymptotic error of 4%.
Experimental estimates for the expansion modulus of
lipids are on the order of 107 to 108 Nm2 (Evans and
Needham, 1987; Needham and Nunn, 1990; Hallet et al.,
1993), so the present result is in good agreement with these
values. An estimate for the bulk modulus can be found from
the area compressibility modulus KA (Hallet et al., 1993).
The experimental value of KA for a DMPC membrane at
30°C is 0.145 Nm1 (Lipowsky and Sackmann, 1995).
Using an estimated DMPC membrane thickness of 34 Å
(Smondyrev and Berkowitz, 1999a), an experimental esti-
mate for the bulk modulus is 2.1  107 Nm2. The
reasonable agreement between exp from NEMD and the
experimental estimate from KA under area expansion sug-
gests that, at least under expansion, changes in surface
tension and changes in stress under increasing strain are
similar.
In the vesicle experiment (Rawicz et al., 2000), it was
pointed out that, under experimental conditions, a mem-
brane under zero stress contains subvisible thermal bending
undulations. The membrane must either be prestressed, or
greater strains must be used to remove these undulations to
calculate KA. However, with the small system size used in
NEMD simulations, the thermal bending modes are damp-
ened out by definition.
The difference between changes in surface tension 
and stress  due to strain can be seen from the definition
of surface tension (Zhang et al., 1995; Feller and Pastor,
1999). If we consider the definition of the surface ten-
sion, along with Newton’s first law   P, then we can
write
  


dz  z. (19)
From the definition of surface tension (Eq. 19), it is clear
that nonzero contributions to the integral arise only from
those regions where   z. Thus, KA, as previously de-
fined, is in contrast to the bulk modulus 2  /, which
does not consider differences in  and z.
Compression modulus for DMPC
The compression modulus cont can be calculated using
NEMD cyclic compression in a similar manner to that in the
previous subsection by using a negative value of . The
resulting NEMD dynamics generate area oscillations such
that the system is compressed from its initial starting state.
The six initial equilibrium configurations originating from a
zero-stress NPT trajectory used in the previous expansion
modulus calculation were used, except that now the NEMD
FIGURE 3 The frequency dependence of the bulk modulus. The zero-
frequency extrapolated value for the expansion modulus exp is found to be
5.4  0.3  107 Nm2 with an asymptotic standard error of 4%.
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compresses, rather than expands, the system. The stress in
the z direction normal to the plane of the membrane was
maintained at zero. Frequencies ranging from 0.03142 ps1
(corresponding to contractions occurring over 0.1 ns) down
to 0.00314 ps1 (corresponding to contractions occurring
over 1.0 ns) were used. The dimensionless amplitude was
set at   0.015, resulting in a total compressive strain of
0.03.
The stress versus strain for a typical compression cycle is
shown in Fig. 4. For this system, the frequency is 	 
0.0157 ps1, corresponding to a compression from a zero-
strain state to   0.03 over the course of 0.2 ns. For
clarity, we report the absolute value of the strain. The
negative stress is consistent with a positive pressure in-
crease upon compression, and the stress versus strain rela-
tionship over the course of the compression is qualitatively
linear. The finite frequency compression modulus for 	 
0.0157 ps1 is found to be 18.61  6  107 Nm2.
A similar frequency scan as in the expansion modulus
case gives the zero-frequency extrapolation for the com-
pression modulus. In Fig. 5, the compression bulk modulus
extrapolation is shown along with the previous expansion
modulus extrapolation. For all frequencies considered, the
frequency-dependent compression bulk modulus is greater
than the expansion bulk modulus. Again, the lowest fre-
quency used, 	  0.00314 ps1, corresponds to a compres-
sion of  0 to 0.03 over the course of a nanosecond.
The zero-frequency compression modulus is found to be
16.5  107 Nm2 with an asymptotic standard error of
12%.
Comparison between expansion and contraction
bulk moduli
It is useful to directly compare stress versus strain for the
same frequency under expansions and contractions. In Fig.
6, the stress versus strain spectrum for 	  0.00628 ps1
clearly shows that the stress response is greater upon com-
pressions than expansions. This trend is observed for all
frequencies. Furthermore, at least qualitatively, cont 
 exp
holds for stresses less than   0.03. The origin of the
difference between the finite frequency expansion and con-
traction moduli depends not only on the starting zero-stress
configuration, but on the time-dependent nature of the ex-
pansion. In the expansion case, the system is being pulled
from a zero stress configuration, resulting in a complex
rearrangement of both lipids and water as they adjust to the
larger area. Keeping in mind that P  , we can use the
FIGURE 4 Compression stress versus strain for a frequency of 	 
0.0157 ps1 and amplitude of   0.15. The negative stress upon com-
pression corresponds to a positive pressure increase. The absolute value of
the strain  is shown.
FIGURE 5 Compression (open squares) and expansion (solid squares)
frequency extrapolations for the bulk modulus. The value of exp is found
to be 5.4  0.3  107 Nm2 with and asymptotic standard error of 4%,
whereas cont is found to be 16.5  2  10
7 Nm2 with an asymptotic
standard error of 12%.
FIGURE 6 Compression (squares) and expansion (triangles) stress ver-
sus strain spectrum for 	  0.00628 ps1. The dashed line designates
()  0.
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pressure response as a guide to understand the stress re-
sponse. As the strain increases, the pressure becomes more
and more negative (from the original equilibrium trajectory
originated from zero stress). The negative pressure response
originates from terms in the molecular pressure tensor aris-
ing from Coulombic interactions, intramolecular lipid bend-
ing and torsion interactions, and short-range van der Waals
attractions. As the system is “pulled apart,” these attractive
interactions become dominant as the short-ranged repulsive
Lennard–Jones interactions become less. In a sense, the
lipids adjust to the slowly expanding area not so much by
“getting out of the way” of other lipids, but by “filling the
empty space.”
The scenario upon compression, especially from the zero-
stress state, is quite different. The zero-stress state, from a
molecular perspective, represents a balance between short-
ranged molecular core repulsions, and complex inter- and
intramolecular attractions. Given that the density of the
membrane is already quite high in the LC phase, any com-
pression from the original state will result in pressure in-
creases due to strong short-ranged repulsions. The lipids
must respond to the compression by adjusting conforma-
tions. Clearly, for fast compression frequencies, the lipids
cannot adjust to the new area, and the pressure response will
be given by a sharp rise in pressure as the short-ranged
repulsions dominate. For slower frequencies, the system can
begin to adjust and relax to the compression. At some
critical frequency, the system can relax to the compression
faster than the imposed strain rate.
For the lowest frequencies (	  0.00314 ps1), it is
unlikely that the difference in the moduli is a result of the
nonequilibrium dynamics and the artificial strain rate. The
zero-stress state represents a balance point between short-
ranged strong repulsions and longer-ranged attractive inter-
actions. Compressions result in sharper increases in pressure
(or corresponding decreases in stress) than do expansions
for the same strain. To understand what is happening under
cyclic compression, three simulation snapshots under the
FIGURE 7 Simulation snapshots of (1) the
compressed NEMD state, (2) the initial zero-stress
state, and (3) the expanded NEMD state for 	 
0.00628 ps1. The images on the left are the
bilayer structure with water not shown, and the
images on the right are for the same system with
the water shown.
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compressed NEMD state (1), the initial zero-stress state (2),
and the expanded NEMD state (3) are shown in Fig. 7.
These images only apply to one of the chosen zero-stress
starting states, and thus can only give qualitative informa-
tion; however, some insightful trends can be observed. First,
it is clear that the NEMD cyclic compression results in a
compressed (1) and expanded (3) state of the initial zero-
stress configuration. Upon compression, the thickness of the
entire system increases such that the total volume of the
system essentially remains unchanged. In fact, during the
course of a compression, the thickness of the membrane and
solvent combined, given by Lz, will increase on the order of
6%, whereas the volume change of the system is on average
less than 0.5%. It is interesting that, qualitatively, the thick-
ness of the membrane remains basically unchanged during
both expansion and contractions (from the snapshots, it is
hard to draw a more precise conclusion). The change in
system thickness is mostly due to the reorganization of
water above and below the membrane, and this is consistent
with no viscous heat being produced.
A more detailed examination of how the bilayer thickness
is affected by NEMD expansion can be found from phos-
phate density profiles obtained during the course of NEMD
expansions and contractions. Density profiles obtained over
the expansion can be compared to corresponding profiles
obtaining during the compression, thus giving an indication
of the changes in the bilayer thickness. In Fig. 8, the two
NEMD density profiles are superimposed, and show a small
change in the bilayer thickness depending on whether the
system is undergoing expansion or contraction. Upon
NEMD expansion, the bilayer thickness is slightly reduced
to maintain zero stress in the normal direction. Conversely,
upon NEMD compression, the bilayer thickness increases
slightly in response to the decreased area. In both cases, the
NEMD perturbation results in a coupling between the mem-
brane area and thickness such that a state of zero normal
stress is maintained.
It is possible that a shear stress, due to the small size of
the system combined with lipid packing commensuration
effects, could account for the difference between the expan-
sion and compression moduli. If the expansion or compres-
sion rate was too large, it is possible for a shear stress to
manifest, especially upon contraction. In Fig. 9, the off-
diagonal component of the pressure tensor, Pxy is shown for
both the NEMD expansion and contraction with a frequency
of 	  0.01571 ps1. In both cases, within the fluctuations,
Pxy does not vary significantly with the strain, whether  

0 or   0. This result suggests that the lipids have time to
adjust to the altered unit cell geometry, and that the mag-
nitude of the imposed strain is not so large as to impose
commensuration effects. Furthermore, because we are in-
terested in the extrapolated zero-frequency value of , the
absence of a system-size shear stress due to commensura-
tion effects indicates that the NEMD strain is not too large.
Comparison with osmotic stress experiments
In Koenig et al. (1997), the elastic area compressibility
modulus, KA of a lamellar liquid–crystalline bilayer was
found to be on the same order as the elastic area expansion
modulus for the same system. Area changes were induced
by an imposed osmotic pressure whereby the amount of
trapped water between the bilayers was decreased. The
results of this work are in apparent contrast to the results of
the present study, where we find that the bulk compression
modulus, cont, is greater than the corresponding bulk ex-
pansion modulus, exp. To comment on this apparent ex-
perimental discrepancy, we will consider two points that
FIGURE 8 Distribution of phosphate atom positions along the bilayer
normal during NEMD expansion. The solid line corresponds to the expan-
sion (  0, . . . , 0.03), and the dashed line is for the compression ( 
0.0, . . . , 0.03). The frequency of the expansion is 	  0.01571 ps1.
FIGURE 9 The off-diagonal component of the pressure tensor, Pxy as a
function of  for contractions (solid symbols) and expansions (hatched
symbols). During the course of both the expansion and contraction, no
significant shear stress is observed. The frequency of the expansion is 	 
0.01571 ps1.
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lead us to believe that the bulk compression modulus cont
as calculated by NEMD is not expected to equal the bulk
modulus estimate derived from the area compression mod-
ulus KA under osmotic stress.
First, the NEMD method, whereby constant stress in the
normal direction is maintained, cannot be used to calculate
KA. Maintaining zero stress in the normal direction results
in coupled variations in the z box length along with changes
in A. Thus the surface tension as defined in Eq. 19, as
applied to the simulation with a strain-dependent z box
length Lz(), under zero normal stress, is given by
 Lz, (20)
where we have explicitly included the strain dependence of
Lz and . The area compressibility modulus is defined as
KA  (/)T. Thus, upon differentiation of Eq. 20, we
find that the relationship between KA and  is
KA 
Lz

 2Lz, (21)
which is not constant with varied strain, and is not a mul-
tiple of . Furthermore, under osmotic stress, a normal
component of stress is maintained, in contrast to the zero-
stress conditions used in the simulation.
Second, and most important, a real bilayer under zero
stress contains thermal undulations (Rawicz et al., 2000). To
obtain a true measure of the expansion modulus (whether it
be the bulk or area) these undulations and buckles must be
removed, otherwise soft bending modes will be introduced.
The same situation, in principle, exists for lamellar zero-
stress membranes undergoing compression. To obtain a true
compression modulus, any thermal bending undulations
must somehow be dampened so that only compressions in
the plane of the membrane result. It is not clear how, under
experimental osmotic stress conditions, these soft modes are
fixed. The simulation, in contrast, by definition will only
allow compressions, and no bilayer bending or buckling can
occur.
Still, some comments on potential system size effects and
artifacts due to the NEMD cyclic compression are in order.
In the present simulations, the small system size, by defi-
nition, will dampen out other modes such as membrane
buckling and bending. Furthermore, the selected initial con-
ditions correspond to that of zero stress in all directions. The
expansion and compression moduli are found by examining
stress responses due to either the imposed expansion or
contraction. The state of zero stress for a such a small finite
system represents a balance point where attractive and re-
pulsive intra- and intermolecular forces cancel, and the
system neither expands nor contracts. There is evidence
(Feller and Pastor, 1996, 1999) that a more appropriate
equilibrium state for such a small system is one where the
surface tension is positive, implying that the system has an
inherent tendency to contract. Although, in equilibrium
studies, it is generally agreed that the static properties of the
system are not overly sensitive to whether a state of zero or
nonzero surface tension is maintained, it may well prove
different in the nonequilibrium regime. Also, given that the
compression cycles used are on the order of a nanosecond
for strains with amplitudes on the order of experimental
strains, we are confident that the difference in cont and exp
is not due to the artificial strain rate, and that the system has
time to adjust to the changing geometry. This conclusion is
supported by the fact that no heat is produced during the
compression cycle.
CONCLUSIONS
NEMD simulations were used to calculate the expansion
and contraction bulk modulus, , for a pure DMPC bilayer
in water. Cyclic compression and expansion NEMD intro-
duced an artificial oscillating strain rate, resulting in dila-
tions and contractions of the membrane. A state of normal
zero stress ensured that the system could freely expand or
contract along the bilayer normal in response to the artificial
strain rate. Initial NEMD simulations with a symmetrically
oscillating strain rate were used to verify that the membrane
could be modeled using an elastic constitutive relation.
Although the response was sinusoidal (indicating an elastic
response), it was observed that the stress response was not
symmetric about the initial zero-stress state. Preliminary
results indicated that the compression modulus was greater
than the expansion modulus, suggesting that the mem-
brane’s stress response about the zero-stress state is not
symmetric.
An asymmetric (sinusoidal) form of cyclic compression
was used to separately examine the expansion and compres-
sion regimes. In this methodology, a number of equilibrium
NPT configurations were averaged to obtain the modulus.
Stress versus strain plots at finite frequency were con-
structed, and it was found that, for both compressions and
expansions, the stress versus strain relationship was linear
for strains lower than the maximum value. The finite fre-
quency modulus under compression, cont, was found to be
consistently greater than the corresponding modulus under
expansion, exp. The zero-frequency asymptotic value for
cont was almost three times that found for exp, and both are
in good agreement with the range of experimental estimates.
This behavior was explained by exploiting the fact that with
NEMD, the pressure response to the external strain, deter-
mines the modulus and that the pressure is simply a function
of atomic positions, forces, and momenta. The zero-stress
starting state represents a balance between strong, short-
ranged molecular core-repulsive interactions, and longer-
ranged attractive interactions. Upon compression, the strong
repulsive core interactions dominate, whereas, upon expan-
sion, the softer attractive interactions determine the re-
sponse. The amplitude and frequency of the artificial strain
rate are small enough that the structure of the bilayer re-
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mains intact, and the zero normal stress boundary condition
allows solvent reorganization without viscous heating.
NEMD is a novel method whereby constitutive coeffi-
cients that appear in the macroscopic, continuum level de-
scriptions can be calculated from a microscopically detailed
model. In a larger context, this represents the first steps in
“bridging” the microscopic and macroscale descriptions of
biological assemblies in both the temporal and spatial re-
gimes. Other properties, such as the shear viscosity, bending
modulus, and thermal conductivity, can, in principle, be
calculated with NEMD techniques similar to the methods
presented here. These calculations will be the topic of future
research.
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